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SMOOTHING EFFECTS 
FOR THE POROUS MEDIUM EQUATION 
ON CARTAN-HADAMARD MANIFOLDS 

GABRIELE GRILLO, MATTEO MURATORI 


Abstract. We prove three sharp bounds for solutions to the porous medium equation 
posed on Riemannian manifolds, or for weighted versions of such equation. Firstly we 
prove a smoothing effect for solutions which is valid on any Cartan-Hadamard manifold 
whose sectional curvatures are bounded above by a strictly negative constant. This 
bound includes as a special case the sharp smoothing effect recently proved by Vazquez 
on the hyperbolic space in (35], which is similar to the absolute bound valid in the case of 
bounded Euclidean domains but has a logarithmic correction. Secondly we prove a bound 
which interpolates between such smoothing effect and the Euclidean one, supposing a 
suitable quantitative Sobolev inequality holds, showing that it is sharp by means of 
explicit examples. Finally, assuming a stronger functional inequality of sub-Poincare 
type, we prove that the above mentioned (sharp) absolute bound holds, and provide 
examples of weighted porous media equations on manifolds of infinite volume in which 
it holds, in contrast with the non-weighted Euclidean situation. It is also shown that 
sub-Poincare inequalities cannot hold on Gartan-Hadamard manifolds. 


1. Introduction 

shall consider the following Cauchy problem for the porous medium equation (PME 
sequel) 

jut = A(u”^) in M X M+ , 

= uo S L^{M) on M X {0} . 

where we suppose throughout this paper that m > 1, and the equation is posed on a 
Riemannian manifold M, A indicating of course its (negative) Riemannian Laplacian. We 
use throughout the paper, without further comment, the usual convention u™' := \uY^~^u. 
We shall in particular be interested in the case in which M is a Cartan-Hadamard manifold, 
namely a complete and simply connected manifold of nonpositive sectional curvature. The 
study of such kind of evolutions has been initiated in [9] in the fast diffusion case, i.e. when 
m < 1. In particular, solutions corresponding to a significant class of initial data vanish 
in finite time for all m < 1, in striking contrast with the Euclidean situation, where 
this happens only if m < ttt-c = {d — 2)/d. In a sense, the setting considered has closer 
similarities with the case of an Euclidean bounded domain, where similar phenomena occur 
(see e.g. US], m)- Recently these topics have been investigated further in [23|, where 
detailed asymptotic results are proven in the most important example of negatively curved 
manifold, namely the d-dimensional hyperbolic space H'^. 

The porous medium case m > 1 has instead been less studied till a very recent paper by 
J. L. Vazquez [33|. In it, a careful analysis of the nonlinear flow is carried out on H'^. The 
problem is connected in the radial case, via a change of variable, to a weighted PME-type 
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equation in the Euclidean setting, and several striking results on the detailed behaviour of 
solutions are proved. In particular, it is shown that for radial data, say, with ||uo||i = 1, 
the following bound holds: 

(1.2) Vt>2, 

where C is a suitable positive constant. Vazquez also shows that the bound (11.21) is sharp. 
Moreover, the evolution of the support of solutions corresponding to compactly supported 
data is also studied, with sharp asymptotic results, in [33]. Weaker results on this latter 
problem were given previously in m- 

The fact that the solution u{t) is bounded at all t > 0 is not difficult to prove as a 
consequence of the Sobolev or Gagliardo-Nirenberg inequalities (see e.g. i, m. [SI), 
which are well known to hold in H'^. However, the quantitative form of the bound, for 
large t, is significantly different from its Euclidean counterpart and from what could be 
deduced from the above mentioned functional inequalities. In fact, the (best possible) 
Euclidean upper bound involves the dimension-dependent quantity _ Notice 

that 

d/[d{m — 1) -|- 2] < l/(m — 1), 

hence the decay rate predicted by (II. 2p is faster than its Euclidean counterpart, in analogy 
with a similar well-known property for the linear heat equation on H'^. Note also that the 
bound in (|1.2I) differs only by a logarithmic correction from the one valid for solutions 
v{t) to the PME on bounded Euclidean domains with homogeneous Dirichlet boundary 
conditions, namely: 

||^^(OI|cxD < 1 • 

fm-l 

Again, the smoothing effect for the PME on is in some sense closer to the one valid in 
bounded Euclidean domains than it is to the one valid on the whole Euclidean space. 

Our goal here is to investigate in more detail bounds similar to (II. 2p . In fact, we shall 
show in Section [2] that the smoothing effect (II. 2p is true in any Cartan-Hadamard manifold 
whose sectional curvature is bounded above by a suitable constant —k < 0. In fact, the 
proof will rely only on functional inequalities, namely on the combination of the Sobolev 
inequality and of the Poincare-type, or spectral gap, inequality 

l|V/||i> All/lll V/gC-(M). 

Both inequalities are in fact known to hold under the stated geometric assumption. We 
thus enlarge considerably the class of manifolds on which (jl.2p is valid, and connect such 
bound with clear geometric hypotheses. Of course the result is sharp, since this fact is 
true already on EI'^. The result is contained in Theorem 12.11 

In Section [3] we deal with an apparently technical modification of the above result. We 
show that, if a family of Sobolev inequalities involving norms with q G (2, 2*], 2* being 
the usual Sobolev exponent, holds with a proportionality constant having a controlled rate 
of divergence as g —>• 2, then a bound similar to (11.21) holds, but the upper bound is given 
in terms of the quantity 

(1.3) 


[(logt)7t]i/(™-i) Vt>2, 
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where the constant a is explicit and larger than one. Thus, the resulting smoothing effect 
is given in terms of a slightly slower function of t, but the assumption is considerably 
weakened: in fact, we do not require that there exists a spectral gap for —A on the 
manifold under consideration. This result is contained in Theorem 13.II We then construct 
simple explicit examples (in the class of the so-called model manifolds, see e.g. m, m, 
m) in which the assumption of the theorem are satisfied, and the bounds of Theorem 
IQ are sharp in the sense that a matching lower bound holds for suitable solutions. This 
is shown by means of carefully constructed barriers, see Proposition 13.31 

It is worth mentioning that similar bounds involving quantities like (ll.3jl have been ob¬ 
tained in [H Section 1.4] for solutions to the homogeneous Dirichlet problem on Euclidean 
quasi-cylindrical domains. The techniques used there are completely different and rely on 
estimates of the growth of the support of the solution. 

In Section |4] we concentrate on the case in which, besides the usual Sobolev inequality 
that we keep on assuming, an additional sub-Poincare inequality holds. Namely, we require 
that there exists p € [!> 2) such that 

(1-4) ll/llp;.<^l|V/||2;;. V/GCr(M) 

holds for a suitable positive constant D, where the norms are taken w.r.t. suitable weights 
p,/r, see Section H] for details. We show a surprising phenomenon, namely that under the 
stated assumptions the absolute bound 

(1.5) ||rt(t)||oo < B Vt > 0 

holds for solutions to a weighted porous medium equation naturally related to the weights 
p,/r. Such bound, when it holds, is clearly sharp, see Remark 14.21 As already mentioned, 
this is a bound which is typically known to hold in bounded Euclidean domains; here we 
also show that there are examples of weights which make the weighted manifold considered 
of infinite volume, but on which the assumptions hold and hence (II.5p holds. To the best 
of our knowledge, an absolute bound in inhnite-volume weighted manifolds first appeared 
in m (see Theorem 1.3 there), where the author proves it in the special case of the 
Euclidean space with power-type weights, in the more general context of doubly nonlinear 
equations. In agreement with our results, one can easily verify that the weights considered 
there satisfy a sub-Poincare inequality. 

As a corollary, existence of a bounded, positive, minimal solution to a related weighted 
sublinear elliptic equation on manifolds is proved under the above assumptions. 

Finally, we prove that the above sub-Poincare inequality (11.41) cannot hold on Cartan- 
Hadamard manifolds, when = 1, a purely functional analytic result which we believe 
has some independent interest, see Section [4.31 

1.1. Existence, uniqueness and short-time estimates. Existence of solutions to 
dni), which satisfy a suitable weak formulation, can be established by means of a rather 
standard approximation procedure. The main idea is to hrst solve the following homoge¬ 
neous Dirichlet problem: 

ut = A(tt™') in Bn X 1R+ , 

< u = 0 on dBn X M+ , 

u = uq € L^{M) n L°°{M) on Bn x {0} , 
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where Bn is a ball of radius n, and then let n —)• oo using suitable energy estimates. This 
is performed in detail in [2S], following a strategy outlined in |34j . in the case of weighted 
porous medium equations in the Euclidean setting. The modifications required to cover 
the present situation are inessential. The same comment applies to the weighted porous 
medium equation dealt with in Section 01 We also note that the assumption uq G 
can, likewise, be removed quite standardly. 

Uniqueness is established e.g. in the class of weak energy solutions corresponding to 
uq G L^(M)nL”^"’'^(M) (see again m) or in the class of strong solutions with uq G L^{M) 
(see [34]b 

The smoothing effects proved in the present paper are relevant for large times only, 
although they hold for any t > 0. In fact, we comment here that by a well-known result 
(see e.g. [8]) the validity of a Sobolev inequality of the type 

ll/lb. <C-||V/||2 V/GC-r(M) 

where a G {l,d/{d — 2)], implies that the following smoothing effect holds: 


lk(f)|L <K **''°**r ' Vt>0, VuoG Li(M). 

^ crm — l 

It is easy to see that the above bound, for any given ||uo||i, is stronger than the ones 
proved in the present paper as t —)• 0 whatever the value of cr is, whereas it is weaker as 
t —)• -|-oo. 


2. Poincare inequalities 

We consider here a Cartan-Hadamard manifold for which minSL 2 (—A) = A > 0, where 
Sl 2 (—A) denotes the spectrum of —A. This can be equivalently rewritten as 

(2.1) VA||/||2<||V/||2 V/GCr(M) 

for some A > 0, namely a Poineare inequality. Note that, by the well-known results of 
[28] . inequality ()2.1I) holds if in addition the sectional curvatures are bounded above by 
a negative constant. On the other hand, on any Cartan-Hadamard manifold the Nash 
inequality 

(2.2) II/II 2 < C ||V/|||^ ll/llp V/ G cr (M) 

holds (see e.g [20( Remark 14.6 and Lemma 14.7]) for some positive C = C{d). As a 
matter of fact, in dimension d > 3, the Nash inequality is actually equivalent to the 
Sobolev inequality 

(2.3) ||/||2*<C||V/||2 V/GCr(M), 

where 2* := 2d/{d — 2) (we refer e.g to [TU Section 2.4] or to [5]). Actually (|2.2p and (|2.3p 
are also equivalent to suitable Faber-Krahn inequalities, see [261 Proposition 8.1] or 1201 
Lemma 14.7 and Exercise 14.3], or to bounds on the volume growth of the level sets of the 
Green’s function [261 Theorem 8.2] (such results basically rely on the papers [2711121 [T3] L 
We are now ready to state and prove the main result of this section. 
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Theorem 2.1. Let M be a Cartan-Hadamard manifold such that the Poincare inequality 
holds. Then, for all solutions of the porous medium equation the smoothing 

effect 

1 

m— 1 

Vt > 0 


(2.4) 


|'w(i)||oo < H 


log (2 + t||uo||™ ) 


holds, where H is a positive constant depending only on d, A and m. 

In particular, the statement is true on any Cartan-Hadamard manifold on which the 
condition 

sec(x) < —k < 0 

holds for all X G M and a positive constant k, where sec denotes sectional curvature. 


Proof. Let us first suppose d > 3 and assume with no loss of generality that uq ^ 0, 
uq G such assumption being removable by standards methods after (12.4p has 

been proved under such hypothesis. By using the methods given e.g. in m, m, it is well 
known that 
(2.5) 

^ (<T-1)(9+1) 

l|M(t)IL<iLr(-i)(9+i)+-(—1) yt>o,yq>o, Vuqgl^+H^), 


where a := d/{d — 2). It will important to note that K depends only on d,m and on the 
constant C appearing in (|2.3h . but can be taken to be independent of q. 

We now make use of the Poincare-type inequality (12.ip to give some further bounds on 
||u(t)||q for q < -|-oo. We proceed as follows, denoting by dx the Riemannian measure: 


dt 


u 


lXl = {q + l)l ufft)Au"^it)dx 


f M 


q+m—2 


( 2 . 6 ) 


-q{q + l)m / u' 

Jm 

dq{q + l)m f g+m 


{t)\Vu{t)X dx 


(m -h qff Jm 


|Vtt 2 (^t)fdx 


(m -h qy Jm 


where A is the constant appearing in (|2.ip . We now use the interpolation inequality 


ll/ll,+i < ll/ll?+„ll/llT'’ 


where 




since m > 1. Rewrite this as 


q{q -P m) 
{q + l)(g' + m 


1 ) 


G(0,1) 


q + m 





wmp. > 












6 


GABRIELE GRILLO, MATTEO MURATORI 


and use it in (12.61) to get 



< 


< 


4g(q -|- l)m A 
(m + qY 

[ u‘^+^{t)dx 

Jm 

dq{q + l)m A 

q + m 

\\uit)\YYi 

{m + qY 


4:q{q + l)m A 

q + m 

lk(i)llg+l 

(m + qY 



where in the last step we have used non-expansivity of the norm. Hence, for initial 
data uq such that ||uo||i = 1 we have shown that 


dt 


9+1 ^ 
9+1 - 


4g(q -|- l)m A 
(m -|- qY 



where A = 1 -|- (m — Y/q > 1. Integrating in time we get, setting y(t) := 


9+1 

9 + 1 ’ 


1 1 4q(g-|-l)m(A — 1) A 4:{q + l)m{m — 1) K 

~ y{0)^~^ {m + qY ^ {m + qY 


so that 


«Wll9+l ^ 


{m + qY 


4(g -|- l)m(m — 



(m-l)(9+l) ]_ 

t (m-l)(q+l) 


(2.7) 
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Combining (12.51) . written in the time interval [t/2,t] and (12.71) . written in the time integral 
[0,t/2], yields: 


\u 


oo ( - 


2\ (o--l)(iJ + l) + o'(m—1) 


<K 


2\ (o--l)(ij + l) + o-(m-l) f 


(o--l)(i; + l) 

(a —l)(ij + l) + o-(m—1) 


4(g + l)m(m — 1) A 


__ 

(m —1)[((T —l)(g+l) + cr(7n — 1)J 


2\ (m-l)l(o--l)((j+l) + o-(m-l)J 

^ i , 

(t( 7TI.—l) + q(cr —1) 

"2\ (m-l)[(f7-l)(q+l) + fT(m-l)] / qY 

t) y4(q + l)m(m — 1) A 

CT(m—l) + q(cT — l) 


=K 


2 (m-l)[(o--l)((j+l) + cr(m-l)] 


(m + qY 


_ g(o'-l) _ 

(m—l)[(<T-l)(g+l) + <T(m-l)] 


1 CT —l + <T(m—1) 

m —1 (m—l)[(cT —l)(q'+l)+cr(m—1)] 


=7^ 


^m-l (m-l)[(cr-l)((j+l) + o-(m-l)] \ 4(g + 1) 777 (rT. — 1) A 
(m + 


1 

m —1 _ CT —1 _ 

t (>Tl-l)l(CT-l)(lJ+l) + (T(m-l)J 


CT —l + CT(m—1) 


<a:' 


4(g + 1)?T7(??7 — 1) At^ 

iT(m-l)+q{^-l) / 4 (g, _)_ 1 ) 771 ( 77 ^ — 1 ) A\ (m- 1 ) [(ct- 1 ) ( 5 r + l) + a(m- 1 )] 

X 2 (m-l)l(a-l)(g + l) + <T(m-l)l / - i - 1 - i - J 

V {m + qY J 

{m + qY 


1 

m — 1 _ CT —1 _ 

t (m.-l)l(o--l)((j+l) + (T(m-l)J 


4(g + 1 ) 777(777 — 1) At 

where in the last step we have noticed that the quantity 

<T —l + o'(7n —1) 

+ / 4(0 + 1 ) 777(777 — 1) A\ (m-l)[(a-l)(5+l)+<T(m-l)] 


(777 + qY 

is uniformly bounded as a function of g > 0, and we have denoted by K' another numerical 
constant which, as K does, depends only on d, m, on the constant C appearing in (12.31) 
and on the constant A appearing in (12.11) . but can be taken to be independent of g. 
Hence we have shown that 


( 2 . 8 ) 


k(i)||oo < K' 


(777 + g)^ 


1 

m—1 


^ (m-l)[(o--l)((j+l)+(T(m-l)] _ 


4(g + 1 ) 777(777 — 1) At^ 

Choose now, for t > 0, g = log(f + 2). Making this choice in (12.81) yields 


|w(t)||oo < H 


\og{t + 2) 


for all Ufj such that Huolli = 1; where we have noticed that = e and where if is a 

constant depending again on d, 777 , C, A. This is the stated bound if ||77o||i = 1. The claim 
follows by a standard scaling argument in the time variable. 

Finally, if d = 2, the smoothing effect 


u 


a±l 

q+m 


<Kt-^ IIttoII’^T 


(2.9) 


Vt > 0, Vg > 0, V770 G 
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can be shown to hold (one can use the techniques e.g. of |24jl. The proof of (12.4p then 
follows as above, just by using (j2.9|) instead of (|2.5I) . □ 


Remark 2.2. The bound given in the previous theorem is sharp. In fact it coincides with 
the smoothing effect recently proved, in the case of M = (the d-dimensional hyperbolic 
space, in which sectional curvatures are everywhere equal to -1), in [33] . mainly for radial 
data. In [33], the result is proved by delicate barrier arguments, specific for the case of 
and is shown to be sharp. Our contribution here is to link the smoothing effect to the 
validity of suitable functional inequalities only and, hence, to curvature assumptions. 


Remark 2.3. The recent paper [2| proves new interesting bounds for solutions to the 
doubly nonlinear equation on Riemannian manifolds, which are sharp in some cases. See 
also jam for similar results in the case of unbounded Euclidean domains. 

The authors use an approach based on Faber-Krahn inequalities, which is known to be 
fruitful in the linear case, see e.g. |17[ I18j . In such paper the key assumption concerns 
a suitable control of A(n), the bottom of the spectrum of the Laplacian with additional 
Dirichlet boundary conditions on the boundary of a subset A, in terms of the volume v 
of A, see hypothesis HI of that paper. It is easily shown that, however, their assumption 
HI does not hold in although it might be possible that their method of proof can be 
adapted to describe the case of negative curvature as well. We also comment that, even if 
the result given in Remark 1.4 of |2| should hold, it would yield a bound of the form 


|tt(i)lloo < C 


(logt)" 


1 

m— 1 


Vt > 2, 


when ||tto||i = 1, which is weaker than the one proved in [33|, and here in the general case. 
Similar comments apply to the examples given in the next section. 


3. Sobolev-TYPE inequalities diverging as a i 1 
Suppose that the Sobolev-type inequality 

||/|| 2 i.<C||V /||2 V/gC-(M) 

holds for a suitable a > 1. Assume in addition that the Poincare inequality (| 2 .ip holds. 
Then for any a G (1,^) the inequality 

(3.1) ll/lb. <a||V /||2 V/gC-(M), VaG(l,a], 

holds as well, where the positive constant depends on A, C and can actually taken to 
be independent of a G (1,^)- The aim of this section is to provide asymptotic bounds for 
the solutions to when the family (j3.ip holds on M with a constant Ca that may blow 
up as cr b 1) with a suitable rate. We state below the result of the present section. Later 
on we shall concentrate on specific examples. 

Theorem 3.1. Suppose that the family of Sobolev-type inequalities dST]) holds, with 

(3.2) We{l,a] 

for some 7 > 0 and C > 0. Then there exists a constant Q > 0, depending only on 
a, Ca, 7, C and m, such that any solution u to dni) corresponding to an initial datum 
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uq G L^{M) satisfies the smoothing estimate 

1+27 

(3.3) \\u{t)\\^<Q[log{t\\uo\\fi-~^+ e)]^-^ t~^ Vt > 0 . 

Remark 3.2. If 7 = 0 we recover the result of the previous section, whose setting is 
however geometrically clearer and for which we then preferred to give an independent and 
simpler proof. 


Proof. Let q > 0 and a G (l,u]. With no loss of generality, we shall suppose that 
uq G L^{M) n L°°{M). Proceeding as in the proof of Theorem 12.11 and exploiting (13.ip . 
we get: 


(3.4) 


dt 


q+i ^ 4g(g + l)m 
~ {m + qfi 


u{ 


q+m 

(7{q+m) 


By interpolation and using the non-expansivity of the Lf norm, we infer that 


(3.5) 


cr(g+m)g 


cr(g+m)-(g+l) 


-lA+MI ^ ILiGMI A(9 +’")-i|(9+i) il, iiPTF+ mpTIPT' v/+ \ n 

U[t)\\q+i < |F(.t)||^(q+m) lll^olll Vt > U. 

1 = 1, from (13.41) and (13.51) it 


Assuming for the sake of notational simplicity that 
follows 


(3.6) 


d 


u 


.+ 1 / dq{q+l)m (q+ir-i^ 

1 + 1 ^ („i + g)2ci2ll“Wllc 


Integrating ()3.6I) and setting y{t) := ||u(t)||)(t} we obtain 


y{t) -9 < 


ig+i 
1 


4m(q+l)(crm-l) , 
ri-1-— r 


Vt > 0. 


y(0) <^9 


~afq+rnfiC^ 


whence 

(3.7) 


\u 


9+1 ^ 


a{q + m)'^Cf 
dm{q + l)(crm — 1 ) 


o-g 

(g+l)(crm—1)_ ^ _ 

t ( 9 +l)(<J>T.-l) Vt > 0 . 


Now we remark that the validity of (|3.ip for a = a implies the smoothing estimate 


_ _ (g-i)(g+i) 

(3.8) lk(i)lloo < 1) vt > o 

for some positive K = K{W,Ca,'m), this following e.g. from the results of [22]. Hence by 
combining (13.71) (at time t/2) and ()3.8p (with the time origin shifted to t/2) we end up 
with 


(3.9) 


ii(t)IL ^ 71 


a{q + m)'^Cl 
dm{q + l){am — 1 ) 


_ <rq{( 7 -l) _ 

(crm —1 )[(ct —l)(g+l) + CT(m—1)] 


a{(7m — <7q{^<7 — 1) 

X t (a'm--l)I(CT-l)(ij+l) + CT(iTi-l)J Vt > 0 , 
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where A is a suitable positive constant that can be taken to depend only on a, Cw and m. 
At this point, as in the proof of Theorem 12.11 we can let q = log(f + e) in (I3.9|) to get 


\u{t)\\^ <A 


cj[log(f + e) + m] 


4m[log(f + e) + l]{am — 1) 


(3.10) 


X t (CTm-l){(CT-l)[log(t + e) + l] + o-(m-l)} 


cr(crm —1) 

(crm—l)[log(t + e) + l] + CT(7Ti-l)} 


(t[1 + ml log(f + e)]^ 


2cT(crm—1) 

^ ^ (o-m——l)[log(t+e) + l]+CT{m—1)} 


4m[l + l/log(f + e)]((Tm — 1) 

[l0g(f + e) firm-l Vf > 0 

Since a G it is apparent that the hrst two factors in the r.h.s. of (I3.10p can be 

bounded from above by another positive constant A' that depends only on a, C-^ and m, 
so that (13.101) reads 

2cr('CTm—1) ^ 

||M(i)IL < [\og{t + e)Cl]'^^t-^ Vf >0, 

which implies, in view of (13.2p . 

27 cr('CTm— 1 ) 

ll'^(^)lloO ip ~ 1) (o'm-l){(CT-l)[log(t+e) + lJ+CT(m-l)} 


X 


log(f + e) (cr - 1) 


am — l , - — , ,, „ 

t <^">-1 Vf > 0, 


where A" is a suitable positive constant depending on the same parameters on which A' 
depends and on C. We dehne 

— 1 ^ — 1 

log(t + e) ’ 

whence, up to another positive constant A'" = A"'{a, C^, 7, C, m), 


1+27 _ (l+ 27 )(a-l) _ 

'^(^)lloo [log(f + e)] ""“I [(m-l) log(t+e) + m(cr-l)](m-l) 


1 

X t "*-1 


<7 — 1 

[(m—1) log(t+e) + m(CT—l)J(m—1) 


Vf > 0, 


that is 

1+27 1 

||it(i)llcx) - Q + ®)]^ Vf>0, 

where Q is the hnal constant of the statement. The validity of (13.31) follows by scaling, as 
in the end of the proof of Theorem 12.11 □ 


3.1. Examples. We shall discnss here some particular manifolds on which the assump¬ 
tions of Theorem 13.II hold, and on which the bound proved in such theorem can be shown 
to be sharp. 

The manifolds we have in mind are particular model manifolds, namely they are topo¬ 
logically with their metric being given by 

ds^ = dr^ + </,(r)2d0^ 

where r denotes geodesic distance from a given pole o, d0^ denotes the canonical metric on 
the unit sphere and if : [0,-|-oo) —[0,-|-oo) is a (7^ function with </'(0) = <^+(0) = 
0 and '0(|_(O) = 1, where the subscript “-I-” denotes right derivative. Note that these 
conditions imply that the metric is and can be extended across o. We also assume 
throughout that if'ir) > 0 for all r > 0. 
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In the above coordinates, we have that 

df, 




1 ( 1 A 1 


where e,, is the radial versor and {Grf,^'\n=i...d-i is a canonical basis for the tangent space 
of the sphere; moreover, 


A/(r, 


1 


d 


^d-l5/, 


ii’ir)) - ■ ■ ,(t>d-i) 


dr 

f / ( \\2 f 4^1: • • • ; 4^d—l') • 


For radial functions, that is functions depending on r only, one then has 
{3.11) A/(r) = /"(r) + (d-l)|^/'(r). 


We underline the following well-known geometrical facts, for which we refer e.g. to [6], 

m, m- 

• the quantity (n — 1)^;^ represents the mean curvature of the geodesic sphere of 
radius r in the radial direction; 

• let LOd be the volume of the d-dimensional unit sphere. Then 

S{r) := V{r) := [ S{t)dt = u}n[ 

Jo Jo 

are the area of the geodesic sphere dBj. and the volume of the geodesic ball Br{o), 
respectively; 

• let Ric(clr,clr) be the Ricci tensor in the radial direction, and KT^{r) be sectional 
curvature w.r.t planes containing dr. Then 

1 ib^'lr) 

--Ric(9r,5r) = K^r) = - 

n — 1 ip[r) 

Moreover, the sectional curvature w.r.t. planes orthogonal to dr is given by ^ {^{r)y^ 
Sectional curvatures equal -1 on the hyperbolic space, whereas they are still neg¬ 
ative, but tending to zero (as multiples of —when one has, for large r, 
y{r) = for some a G (0,1), which is the case we are going to discuss in more 
detail hereafter. 

As just said, we concentrate on the case in which i/’(r) ~ for large r and for 

some given a G (0,1), ci,C 2 > 0. Such manifolds, loosely speaking, interpolate between 
the Euclidean situation (where ip(r) = r) and the Hyperbolic situation (where ip(r) = 
sinhr ~ e^/2 as r —)• -|-oo). We perform the following calculations in the case ci = C 2 = 1 
for notational simplicity, assuming also again for simplicity that y{r) = for r > 1 . 

Very similar calculations can be performed in the assumptions of Proposition 13.,31 
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Under such assumptions, we point out that (13.lip holds with {d — l)i/^'(r)/'0(r) = h{r), 
where 

bi-< h{r) < 62 - Vr E (0,1), Di —^ < h{r) < D 2 Vr > 1, 

for some positive constants Di and D 2 depending on ci, C 2 and d, and 61 , 62 depending 
on Cl, C 2 , d and a. 

Our hrst goal will be to show that, for the manifold considered, the Sobolev inequality 
(j3.ip holds with a = d/{d — 2), and with condition ()3.2[) holding as well for a suitable 
7 > 0 , provided radial functions are considered. 

To this end we use the characterization of one-dimensional Sobolev inequality given in 
|29l Theorem 1.14], In our case, the condition to be satisfied is the following: 

Ca ■■= sup ( [ f [ ['ijj{r)]^~'^dr'\ < + 00 , 

x>o \Jo J \Jx J 

and Cfj given above can then be taken as the constant appearing in ()3.ip . It is easy to 
verify that the quantity 

is uniformly bounded as a function of x G (0,1] and a G [1, d/{d — 2 )]. So we are left with 
investigating the quantity 

A{x) := 

for X > 1 and a G [1, d/((i —2)]. Elementary calculations involving de I’Hopital’s rule show 
that 

. (l-a)(g- + l)) (d-l)(cr-l) a 

A{x) XX e 2'^ as X —)■ + 00 , 

where the proportionality constants can be taken not to depend on cr G [l,d/{d — 2)]. 
Elementary estimates involving the function 

, . (l-a)(iT + l)) (d-l)(o--l) „ 

g{x) := X 2 ct e 2 ^ 


show that ^ 

A{x) < - -Vx > 1 

(cr — 1) a 

where U > 0 does not depend on a, and a G (l,d/(d —2)]. This yields our claim for radial 
functions. We shall summarize this statement in Proposition 13.31 below. 

Besides, we claim that in the above mentioned examples, the bound (13.31) is sharp. 

To this end, we shall construct a suitable (radial) subsolution. It will be of the following 
form: 


u{r, t) 


1 

C{t + to) ’"-i 
C {t to) 


r7[log(t + to)]^-r-2-“]™-^ 
V [log(t + to)]^ - - I 


for r > 1, 
for r G [0,1). 


We omit the long, although straightforward, calculations leading to the proof that u is 
indeed a subsolution if to is sufficiently large, C and, subsequently, 7 are instead chosen 
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to be small enough. Given this fact, it is easy to show that the time behaviour of ||u(t)||cxD 
is exactly the one predicted by (jd.dp . with 7 = (1 — a)/a. 

We summarize the above results in the following proposition. Hereafter we use the 
subscript “rad” to indicate that functions in the corresponding space are assumed to be 
radial. 

Proposition 3.3. Let M be a model manifold associated with a function satisfying 
^^'{r) > 0 for all r > 0 and 

if{r) ~ , ip'{r) ~ ) as r ^ +00 , 

where ci,C 2 are positive constants and a G (0,1). 

Then the Sobolev inequalities restricted to radial functions, hold for all a G 

(l,(i/(d — 2)). Moreover, the constant in (13.11) satisfies condition (13.21) with 7 = 
(1 — a)/a. Hence, the bound (13.3p holds for radial solutions u{t) of the porous medium 
equation posed on M corresponding to data uq G that is 

||it(i)||oo < K [log [t lluolir'”^ + e)] Vt > 0. 

In addition, such bound is sharp, in the sense that a matching lower bound can be given 
for an appropriate class of initial data. 

Remark 3.4. Note that, under the same assumptions on M as in Proposition 13.31 and as 

2 — 0 . 1 

a corollary of the latter, the bound ||u(t)||oo ^ (log t) t~ for large t also holds for 
non-radial solutions having a compactly supported initial datum, this being a consequence 
of standard comparison arguments. 

4. Sub-Poincare inequalities 
We consider two positive weights pu and such that 

Pu,Pu^,P^,pfl^ G 

It will be required that the sub-Poincare inequality 

(4.1) ll/IU.<4^l|V/||2;;. V/GC'r(M) 
holds for some p G [1,2), D > 0 and that the Sobolev-type inequality 

(4.2) ||/|| 2 .;.<C||V/|| 2 ;;. yfGCf^iM) 
holds for some <7 > 1, C > 0. Here, for all p > 1 we set 

LP{M;p) := |/ : \\f\\p.,^ := < +oo| , 

with a similar definition for LP{M] v). 

Below we shall give examples of weights such that the above assumption hold. We 
also refer to [22] for larger classes of examples for which ()4.2p holds, noting also that an 
analogous approach allows us to identify by similar methods, using the results of |29j . 
weights such that also (sm is valid. 
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Under such assumptions we investigate the long-time behaviour of solutions to the 
following weighted porous medium equation: 


(4.3) 


j pu{x)ut = div [p^{x)V{u"^)] in M X M+ , 
= rto € L^{M; v) on M x {0} . 

Our main result is the following. 


Theorem 4.1. Suppose that the sub-Poincare inequality (133]) and the Sobolev-type in¬ 
equality (1331) hold. Then there exists a constant B > 0, depending on p, D, a, C and m 
but independent of uq, such that any solution u to (1331) satisfies the absolute bound 

(4.4) \\u{t)\\^ < B t~'^^ Vt>0. 

Proof. With no loss of generality let us assume uq ^ 0 and uq G L^{M; v) n L°°{M). Let 
O' G (1, oo) be such that 

pm — 2 2 — pm 


(4.5) q > max 

[ 2 — p p 

By means of (|4.1I) and computations analogous to the ones that led to (12.6p . we obtain: 


(4.6) 


d n 

-r\\u 

dt 


g+i 

g+l;i/ — 


< 4g(g + l)m ,, 

{m + qfiD^ " ^ hlE{2+iii);U 


In view of (14.5p and of the non-expansivity of the norm, a standard interpolation 
yields 


(4.7) 


p{q+m) (2—p)q+2—pm 

\u{t)\\q+l-,u < \\u{t)\\^^., 11 Uo I loo Vt>0, 

2 


SO that by combining (14.61) and ()4.7[) we can deduce 


dt 


U+i)| 


\u 


4:q{q-\-l)m lk(i)llg+i; 


(j-l-i ^ _ 

— (tt), -)- g)2 1)2 


(2 —p)g+2—pm 

Ikolloo " 


Integrating the above differential inequality with respect to the variable y{t) := ||u(t)||q^}. 


we find 


which implies 


2-p 


y{t) p < 


1 


1 j_ 4(2-p)g(g+l)m _ 

2-p ' {2-p)q+2 —pm 

^ p{m+qfi \\uo\\oo ^ 


Vt > 0, 


(4.8) 


\u{t)\\q+l.u < A 


Ikoll 


(2—p)q+2—pm 
(2-p)(g+l) 
OO 


Vt > 0, 


f{2-p)(q+l) 

where ^ is a positive constant depending only on q, p, D and m. Using the smoothing 
effect ()2.5h (which holds due to (14.2h . upon replacing ||uo||g+i with ||no||g+i;i/) between t 
and t/2, together with (|4.8I) . we get 


(4.9) 


|^‘(i)||oO < -fi" + t (<T-l)(q+l) + CT(m-l) 11 u(t/2) 11 . 

2a-p (CT-l)[(2-p)ij+2-pm] 

< ^'f-(2-p)[(a-l)G+l) + a(m-l)] 11 UQ 11 


(g-l)(q+l) 

(cr —l)(q+l) + c7(m— 1) 


Vt > 0 
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where A' is another positive constant depending only on q, p, D, a, K and m. By shifting 
the time origin from 0 to t/2 in (14.9p we then infer 

2(7—p 

||t((t) ||o(3 <A' 2 (2-p)[(CT-l)(iJ + l) + <T(m-l)] 

(4-10) 2<T-p {o--l)[(2-p)q+2-pm] 

X t-(2-p)l(a-l)(5+l)+a(m-l)l + Vf>0. 


Since 

{a-l)[{2-p)q + 2-pm] .n 

{2-p)[{a-l){q + l)+a{m-l)]^^ ’ 

the validity of (j4.4l) is just a consequence of a routine iteration of inequality (I4.10p . □ 


Remark 4.2. The sharpness of the bound (14.4p is standard. In fact, it is enough to pick 
a positive solution Wr to the sublinear elliptic problem 


(4.11) 


- div {p^VWr) = pu in Br , 

Wr = 0 on OBr , 


for any i? > 0, and notice that the function 

{t + 1)-^ Wl/^{x), 


set to zero outside Br x M'*', is a subsolution to (14.31) with initial datum uq = Exis¬ 

tence of solutions to problem (14.111) is standard given the fact that that pi,, p~^, p^, p~^ G 
L^^{M) and m > 1. 


4.1. Examples. We shall discuss here some particular examples of weighted manifolds 
on which the assumptions of Theorem 14.11 hold. For simplicity, as in Section 13.11 (whose 
notations we take for granted), we shall restrict ourselves to model manifolds. So, given 
two radial weights pu and Pfj,, as a consequence of [29l Theorem 1.15] we have that the 
sub-Poincare inequality (14.ip holds in for some p G (1, 2) if and only if 


(4.12) 



Pu{r)fj{rY ^ 



'if{rY ^ 
Puir) 



2(P-1) 

2-p 


Tp{xy ^ 

Pui^) 


dx < oo . 


Let us focus on “hyperbolic” models, namely we pick 'if{r) ~ for large r, with c > 0. 

q; /3 

As for the weights, one can choose for instance Puir) = e~'^^ and p^{r) = with 

a, /I > 0. Straightforward computations show that (I4.12p is fulfilled if and only if 


c — a 

max < 2-- , 1 > < p < 2 . 

I C + /3’ / 

Moreover, the Sobolev inequality (|4.2I) holds with a = 2*/2, just as a consequence of the 
validity of the same inequality on in fact /Ojy(r) < 1 and p^{r) > 1 for all r. We can 
therefore assert that, with the above choices, the absolute bound p4.4l) holds for radial 
solutions to (|4.3p provided 2 {c — a){c + fd) < 2 which clearly holds iff —a < /3. 

Actually the just established results can be extended to the non-radial setting as well. 
In fact, we have proved that (|4.1I) is valid in with some constant D = Drad- 
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Nevertheless, given any / G C^{M) (not necessarily radial), we have: 

( i- r+co 

/ / Pu{r)drde 

<|§rf_l|2 P 
<^rad IIV/II2;;. 

by Holder inequality, which can be used because of the crucial assumption p < 2. As a 
consequence we can deduce that, with the above choices, the sub-Poincare inequality (14.ip 
holds in the whole C^{M), so that every solution to (14.3p (not necessarily radial) satisfies 
the absolute bound ()4.4p . 

We summarize the above calculations in the following result. 


r+oo 8/, , 


! 4>d-l) 


■0(0 P^l{r)dr d0 



Proposition 4.3. Let M be a model manifold associated with a function satisfying 

c 

V’(r) ~ as r ^ + 00 , for some c > 0. Assume that the weights appearing in the 

at /3 

weighted porous medium equation (jl3D are given by Pu{r) = e and Pfj,{r) = ^ 

with a,/3 > 0 and —a < (3. Then the sub-Poincare inequality dll]) and the Sobolev 
inequality (021) hold. 

As a consequence, the absolute bound 

||'it(i)|loo <Vt > 0 

holds for any solution u{t) to ()4.3|) with the present choice of M and of p^,pu. 

Remark 4.4. We point out that, in the above examples, the (weighted) volume of the 
manifold is infinite provided a < c. Hence, in such cases, no previous result could be 
exploited in order to deduce the absolute bound. 


4.2. An existence result for a weighted sublinear elliptic equation. 

Theorem 4.5. Let pu and p^ two weights such that pu, p~^, p^, pf,^^ G Lfff^{M) and, more¬ 
over, the sub-Poincare inequality 011) and the Sobolev-type inequality (021) hold for some 
p G [1,2) and a > 1. Then there exists a bounded, nontrivial, nonnegative solution W to 
the following weighted sublinear elliptic equation: 

(4.13) — d\v {pfjWW) = pyWm in M. 

In addition, W is minimal in the class of bounded, nontrivial, nonnegative very weak 
solutions of (I4.13p . 

Proof. Let u be the solution to 0.31) corresponding to some nontrivial initial datum uq > 0, 
with uq G L^{M). Let U{x,t) = t”^u{x,t). The absolute bound (14.4p shows that 
||B(t)||oo < B for a suitable B > 0 and all t > 0. By the classical Bmrilan-Crandall 
inequality (see e.g. [31]) we know that U is nondecreasing as a function of t; in particular, 
since u is nonnegative and nontrivial, the limit VL^(a:) = lim^^oo U(x, t) exists and is also 
nonnegative, nontrivial and bounded. By proceeding as in [32], it is easy to show that W 
solves 0.13p . 
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As concerns minimality, consider a given very weak solution W, having the stated 
properties, to (14.131) . Consider also the solution uji to the homogeneous Dirichlet problem, 
on the ball Bji, for the weighted porous medium equation corresponding to the datum 
uo|s^. An analogue on manifolds of (HU Theorem 6.5] yields comparison between uji and 

1 -^^J_ 

the supersolution t Hence, letting R +cx) and noting that by construction 

UR ^ u e.g. pointwise, we get 

tm-i t) < W^{x), for a.e. x € M, t > 0, 

whence the claim follows by letting t —>■ +oo and using the first part of the proof. □ 

For related results in the non-weighted case see the classical paper P. The case of 
sublinear elliptic equations posed on the hyperbolic space is briefly discussed in [7]. 

4.3. Sub-Poincare inequalities fail on Cartan-Hadamard manifolds. One may 

wonder whether examples similar to the ones given above can be shown on manifolds 
without imposing that suitable weights are present. Surprisingly enough, this is never 
the case at least when Cartan-Hadamard manifolds are concerned. In fact, we have the 
following result, of independent interest. 

Theorem 4.6. Let M he a Cartan-Hadamard manifold and let p G [1,2). Then there 
exists no positive constant C > 0 for which the sub-Poincare inequality 

(4.14) ||/||p<C-||V/||2 ^feC^{M) 
holds. 

Proof. We shall proceed by contradiction. Indeed, take any ro G (0, oo). Let 6 : (0, oo) eA 
(0, oo) be a suitable function that will be specified later, and ^ : [0, oo) i-A [0,1] be a regular 
non-increasing function such that 

(4.15) ^(r) = 1 VrG[0,ro), C(r) = 0 Vr G [tq (5(ro), oo), f,{ro + 5{ro)/2) = 1/2 , 


(4.16) |^'(r)| < Vr G [0,oo). 

Now choose any point o (z M and consider it as a pole. As usual we denote by Br the 
geodesic ball of radius R centered at o, and by V{R) its volume. As a matter of fact, 

(4.17) X I-). dist(x, o) G C°°(M \ {o}), | dist(x, o)| = 1 Vx G M \ {o} . 

If (j4.I4h holds, we are then allowed to pick the test function 

/(x) = ^ (dist(x, o)) VxGM, 


which yields 
(4.18) 


SrQ+5(rg) 


|/(x)|^dx <C 


' ®rQ+<S(i-o)\®T-Q 


|V/(x)|2dx 


In view of (|4.I5p , (I4.16P , (I4.I7P and the fact that ^ is non-increasing, from ()4.18p we deduce 
that 

I 1 2(7 1 

- [H(ro -h d{ro)/2) - V (ro)] r < [H(ro -h (5(ro)) - V (ro)] 2 . 


(4.19) 
















18 


GABRIELE GRILLO, MATTEO MURATORI 


Since 


dV{R) 

dR 


S{R) Vi? > 0, 


where S{R) is the Riemannian measure of dB^ (see e.g. [191 Section 3]), we can rewrite 
(iron as 


(4.20) 


f>ro+5(ro)/2 


S{r) dr < 


AC 

S{ro) 


r-ro+5(ro) 


S{r) dr 


Iro 


1 

2 


Because M is a Cartan-Hadamard manifold, it is well known that the function R i—)• S{R) 
is regular, strictly increasing and such that hm/j_j.oo S{R) = oo (see once again [T9l Section 
3, Section 15]. It is therefore possible to choose <5 as 

6{r) = S~^ [2S'(r)] — r Vr > 0, 


so that 


(4.21) 5'(ro) < S'(r) < 2S'(ro) Vr e [ro, ro + (5(ro)] 

In particular, (I4.20p and (14.211) imply 


S{ro) 


S{ro) 


< 


AC 

S{ro) 


[2 5(ro)(5(ro)]- 


that is 

(4.22) S{ro)^ [5-1 [25(ro)] - tq] < 2(4C)^ =: C . 

As (|4.22p holds for all ro G (0, oo), we can let ro = 5-i(so) for any sq G (0,oo), to get 

(4.23) 5~i [2so] < 5~i(so) + VsoG(0,oo). 


A straightforward iteration of (I4.23P yields 

(4.24) 5-1 (so) < 5-1 (so/2") + ^ Vsq G (0, oo), Vn G N. 

2+p 1-2 2+p 

By setting n = log 2 (so)l in (I4.24p . we hnd 


n' 2 2 +p — 1 

(4.25) 5-1 (so) < 5-1 (1) + Vso G (0,oo), Vn G N. 

2+p 1 — 2 2+p 

Letting sq —)• 00 in (I4.25P end up with 

limsup 5-1 (so) < 00 , 


a contradiction since R —)■ 5(i?) is monotone increasing. □ 


Remark 4.7. We point out that in the above result the condition p < 2 is essential. In 
fact, on the one hand (I4.14p holds on any Cartan-Hadamard manifold when p = 2* (let 
d > 3), on the other hand the proof of Theorem 14.61 clearly fails when p > 2, since the 
iteration procedure following (j4.23p does not yield any contradiction in that case. 
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